The long range interaction between an antiprotonic helium atompHe + and helium atom in its ground state is studied. We calculate the dispersion coefficients C6 using the Complex Coordinate Rotation (CCR) formalism in order to comply with the resonant nature of metastable states of the antiprotonic helium. We present as well numerical data on static dipole polarizabilities of antiprotonic helium states. The obtained coefficients C6 may be used to estimate the collisional shift and broadening of transition lines in a low density precision spectroscopy of the antiprotonic helium.
I. INTRODUCTION
In 1991 in experiment at KEK it was discovered that some fraction of antiprotons in a helium target survive for unexpectedly long time [1] . Later in a series of experiments at CERN [2] it has been shown that such antiprotons form an exotic atom, "antiprotonic helium", orpHe
+ . An antiproton stopped in the target is then captured into some atomic state in a helium atom via a charge exchange reaction replacing one of the two electrons. The major part of such states disappears promptly due to annihilation of the antiproton on a nucleus, while a small fraction still survives making up a set of metastable states, which decay predominantly via slow radiative transitions.
Further precision studies of these atoms by laser spectroscopy [3] [4] [5] reveal reach possibility to investigate various properties of the antiprotonic helium atoms as well as to infer precise data on antiproton [6, 7] . Particularly, it provides a stringent test of CPT invariance in a barion sector. Otherwise, assuming validity of CPT invariance one may extract (anti)proton-to-electron mass ratio [8, 9] . The latter data have been used in the CODATA adjustment of fundamental physical constants [10] . Antiprotonic helium can be described as a three particle atomic Coulomb system composed of a helium nucleus, an electron in the 1s-ground state, and an antiproton occupying a nearly circular orbital with the principal quantum number n ∼ n 0 = M * /m e ∼ 38, where M * is the reduced mass of thep-He pair. Under these conditions the Auger decay is suppressed and this small fraction of states may survive as long as few microseconds even in a liquid helium target.
This longevity has allowed to perform precision spectroscopy of multiple transitions in these atoms with precision which has been rapidly improved from several ppm (parts per million) in the 1990s to a ppb level [8, 9, 11, 12] , thus became sensitive to the antiproton-to-electron mass ratio (mp/m e ). Compared with theoretical frequencies of three-body QED calculations [13] [14] [15] [16] [17] for some selected transitions inp 3 He + andp 4 He + , these measurement can be used to determine mp/m e [6] . The latest determination of the mass ratio is mp/m e = 1 836.152 673 6(23) [9] which was carried out using the two-photon Doppler reduced laser spectroscopy. At this level of precision the collisional effects as well as Stark effects become important contributions to the total experimental error (see Table 2 in Ref. [9] ).
The density shift and broadening were measured for antiprotonic helium spectral lines with T = 6 K [5, 6, 11] . Good qualitative description of the experimental data were obtained in [18] using effective model potential ofpHe + −He long-range attraction and short-range repulsion interactions. Quantitative agreement with the experimental data was achieved in [19] by direct ab initio calculation of an interatomic potential in the Born-Oppenheimer approximation.
Recently ASACUSA collaboration at CERN [20] announced that they want to slow down the pulsed antiproton beam up to 150 eV and to cool down the experimental target cell to T ≤ 1.5 K. For precision spectroscopy beyond 1 ppb level the long range interaction between antiprotonic helium and ground state helium atoms is of great importance for proper evaluation of collisional effects and their influence on the experimentally observed spectral lines.
In our work we intend to calculate static dipole polarizabilities for metastable states inp 3 He + andp 4 He + atoms. We use the Complex Coordinate Rotation (CCR) formalism [21] , which allows to take into account in a proper way the resonant nature of the metastable states in the antiprotonic helium. Finally, the dispersion coefficients C 6 will be evaluated numerically using the same CCR formalism. These coefficients determine the leading contribution to the long-range He-pHe + interaction. Here we assume that all helium atoms of the target are in the ground state. Atomic units ( = e = m e = 1) are used throughout this paper.
II. THEORY
A. Wave functions of He andpHe + Both atoms, usual helium and antiprotonic helium, are three-body systems with Coulomb interaction and will be considered using the same variational expansion. The strong interaction betweenp and helium nucleus is strongly suppressed by the centrifugal barrier (the angular momentum of an antiprotonic orbital l ≈ 34) and may be completely neglected.
The nonrelativistic Hamiltonian of a three-body system is taken in a form
where r 1 and r 2 are position vectors for two negative particles,
are reduced masses, and M is a mass of helium nucleus, the nucleus charge is Z = 2. We assume that in case of helium atom m 1 = m 2 = 1 are masses of electrons, while for the antiprotonic helium we set m 1 = mp and m 2 = 1, where mp is a mass of an antiproton. The helium atoms are in its ground state. Antiprotonic helium is a more complicate object. It presents a quasi adiabatic system with a heavy antiproton orbiting over helium nucleus with a velocity of about 40 times slower then a remaining electron. Using atomic terminology, the electron occupies its ground state: ψ 1s , while the antiproton may be approximately described by its principal and orbital quantum numbers, n and l. Due to interaction between electron and antiproton these quantum numbers are not exact and the wave function is determined by the total angular orbital momentum L and the excitation (or vibrational) quantum number v, which are related to the atomic one as follows:
In our calculations we use a variational expansion based on exponentials with randomly generated parameters. The wave functions both for initial states and for intermediate states (for the second order perturbation calculations) are taken in the form
where Y l1,l2 LM (r 1 ,r 2 ) are the solid bipolar harmonics as defined in Ref. [22] , and L is the total orbital angular momentum of a state. Complex parameters α k , β k , and γ k are generated in a quasirandom manner [23, 24] :
where ⌊x⌋ designates the fractional part of x, p α and q α are some prime numbers, and [
] are real variational intervals, which need to be optimized. Parameters β k and γ k are obtained in a similar way.
The bound state for the helium atom was calculated as in [25] , a set of intermediate states consist of a state with the total angular momentum L ′ = 1 and the spatial parity π = −1. For the quasi-bound metastable states of the antiprotonic helium we use the Complex Coordinate Rotation method [21] , numerical details of the calculations for the antiprotonic helium are given in [16] . For thepHe + atom in its initial state (n, l), the intermediate states span
L . In the CCR approach the coordinates of the dynamical system are rotated to some angle ϕ, parameter of the complex rotation: r ij → r ij e iϕ . Under this transformation the Hamiltonian changes as a function of ϕ
where T and V are the kinetic energy and Coulomb potential operators. The continuum spectrum of H ϕ is rotated on the complex plane around branch points ("thresholds") to "uncover" resonant poles situated on the unphysical sheet of the Riemann surface. The resonance energy is then determined by solving the complex eigenvalue problem for the "rotated" Hamiltonian
The eigenfunction Ψ ϕ obtained from Eq. (5), is square-integrable and the corresponding complex eigenvalue E = E r − iΓ/2 defines the energy E r and the width of the resonance, Γ, the latter is being related to the Auger rate as λ A = Γ/ .
B. Static dipole polarizability
The static dipole polarizability tensor operator, which is a tensor of rank 2, on a subspace of fixed total angular momentum L can be represented [26] by a scalar, α s , and irreducible tensor, α t , operators:
We use notationô to distinguish between operators and c-numbers. The coefficients α s and α t then may be expressed in terms of three contributions corresponding to the possible values of the angular momentum of intermediate state,
[27] for details)
and a L ′ can be calculated by summing up the oscillator strengths as follows
where the 2 l -pole averaged oscillator strength is defined in terms of reduced matrix elements by the expression
For the CCR calculations we use a modified version of the perturbation theory provided by the theorem [28] . Theorem. Let H be a three-body Hamiltonian with Coulomb pairwise interaction, and W (θ) be a dilatation analytic "small" perturbation of a complex parameter θ (for the CCR we choose θ = iϕ). Let E 0 be an isolated simple resonance energy (discrete eigenvalue of H(θ)). Then for β small, there is exactly one eigenstate of H(θ) + βW (θ) near E 0 and is analytic near β = 0. In particular,
where the sum is carried out over the states of discrete and continuum spectra of the rotated Hamiltonian H(θ).
It is assumed that the wave functions are normalized as Ψ * (θ), Ψ(θ) = 1. Coefficients a 1 , a 2 , etc do not depend on θ if only rotated branches of the continuum spectrum of H(θ) uncover E 0 and its vicinity on the complex plane. These coefficients are complex and the imaginary part contributes to the width of the resonance, to the imaginary part of the complex energy of Eq. (5) E = E r − iΓ/2, as it follows from Eq. (10).
In Table I convergence of the (31,30) state ofp 4 He + is studied. This state is of much importance as a daughter state for the two-photon precision spectroscopy of the (33, 32) → (31, 30) transition.
C. Dispersion coefficients
The long-range interaction between two neutral atoms can be expanded in terms of a series of inverse powers of the separation distance R [29, 30] :
where C 6 , C 8 , etc, are the dispersion coefficients. For two like atoms that are not both in their ground states, the perturbation theory of the dispersion coefficients has been well discussed in Refs. [31, 32] . In the case of two different neutral atoms, the dispersion coefficients may be derived similarly in the frame of the perturbation theory. Let us consider a dimer system composed of He in its ground state (L He = 0, M He = 0) andpHe + in its excited state (n, L, M ). The electric interaction potential between He andpHe + at large separation R can be expressed as a multipole harmonic expansion [31] [32] [33] 
where
and r 1i and r 2j are the center of mass position vectors of the three particles for the helium and antiprotonic helium atoms, respectively, Z 1i and Z 2j are the charges of particles for corresponding atoms. If z axis of frames of both atoms is taken along R, expression for V l1l2 may be written explicitly,
here M m L are the multipole moments of an atom:
In Eq. (15) and in what follows superscripts in square brackets denote a particular subsystem (or atom), namely, 1 stands for the helium atom and 2 is for the antiprotonic helium.
Let Ψ(1, 2) be an eigenfunction of the interacting system: Then assuming that V (1, 2) is small, one may use the following expansion
where the zeroth-order wave function can be written as a product of two individual atomic wave functions
and the associated state energy is E 0 = E [1] 0 + E [2] 0 . Substituting expansions (18) into Eq. (17), one obtains a set of equations
Equation (20) can be simplified by writing
where Ω l1l2 satisfies the equation
with ε (1) l1l2 = Ψ 0 |V l1l2 |Ψ 0 . For neutral atoms, of which one is in the ground S state, the first-order energy vanishes, E 1 = 0 [32] . The second order term is then expressed
and
Now the dispersion coefficient C 6 may be written explicitly as
here L is the total orbital angular momentum of the antiprotonic helium state, while index i runs over the P states of the helium atom.
III. CALCULATION AND RESULTS
Using Eqs. (7)- (8), one can get the static dipole polarizability (scalar, α s , and tensor part, α t ) for metastable states ofpHe + . In order to check the validity of our calculations, we use the generalized Thomas-Reiche-Kuhn (TRK) sum rule for the oscillator strengths developed by Z.-C. Yan and co-workers [34] . Forp 4 He + , the left hand side L and right hand side R of the TRK equality are expressed as follows,
A test of convergence of L and a comparison with the exact value, R, for the (36, 35) state ofp 4 He + are listed in Table II , what demonstrates reliability of our calculations. In the numerical results of this section the CODATA10 [10] recommended values were adopted. Table II and Table III 4 He + , where Auger rate becomes dominant. Appearance of the imaginary part in the data and the physical meaning of it has been clarified in Sec. II B right after the Theorem. As is seen from Table III, the imaginary part is substantially large in the case of polarizability of the (31, 30) state. That may be explained by strong correlation with broad short-lived states having excited electronic configuration and lying in a vicinity of the (31,30) state on the Reimann surface of complex energy (see [2] , Sec. 4.8 and discussion below). It is also important to note that the dispersion coefficients, C 6 (M ), are much less affected by this phenomenon and the imaginary part may be ignored. Since the finite mass of a helium nucleus produce a visible effect on C 6 (M ) we explicitly compare the C 6 (M ) for 4 He-p 4 He + and ∞ He-p 4 He + in the Tables. A choice of a finite or infinite mass for the helium atom causes changes in the fourth decimal place in the C 6 coefficient. That is essential effect and in our final calculations of the dispersion coefficients we use the wave functions for the helium atom obtained with the finite mass of a nucleus.
Numerical calculations of the dipole polarizabilities (α s and α t ) for metastable states in the antiprotonic helium are presented in Table IV . Results were obtained with the use of the CCR method, thus the final values have an imaginary part. Some of the states, particularly the (37,33) state inp 4 He + , have anomalously large polarizability, which makes the states unstable against collisions. Such anomalous behaviour is again connected with the excited electron "Rydberg" states, which strongly affects the overall polarizability of the "atom". Yet another, maybe less obvious example, the (32,31) state inp 4 He + atom. This state, as it was observed in experiment [35] , at large densities become unstable. The most apparent explanation of this phenomena is considerable (by a factor of 10) increase of the tensor polarizability. The small value of α t should not be deceitful, there is a large prefactor for this contribution:
3 , see Eq. (6). In Table V the main result of this work, the dispersion coefficients C 6 (M ), are presented. We expect that all the digits indicated are significant. As can be concluded from Eq. (25), the value of C 6 (M ) depends on the magnetic quantum number M of the antiprotonic helium state as:
where C 6 and D 6 are some coefficients that may be obtained from C 6 (M = 0) and C 6 (M = ±L) as follows:
Thus only numerical values for cases M = 0 and M = ±L are displayed in the Table. One may find that dependence on M of C 6 (M ) increases with n and L. That may be explained by growing asymmetry of the state: antiproton become to spend more time outside of the electronic cloud. The data in the Table demonstrates quite a regular behaviour of C 6 coefficients with one exception: the (37,35) state inp 4 He + atom has larger values of C 6 . That means that atoms in this state experience stronger attraction while interacting with the helium atoms of the target, and eventually stronger collisional disintegration of the atom and subsequent prompt annihilation ofp.
Using the numerical values of C 6 (M ) one can get a rough estimate for the collisional shift for transitions between metastable states of the antiprotonic helium. Applying the simplest "static" approximation, the frequency shift can be expressed as
where C i and C f are the dispersion coefficients C 6 (M ) for the initial and final states, respectively, and R av is an averaged separation distance between atoms. Assuming the separation distance R ≈ 19 a.u. that approximately corresponds to a number density of 10 21 cm −1 , the spectroscopy shift for the (33,32)→(32,31) transition would be 12 GHz. More sophisticated models of the collisional shift and broadening may be found in [36] [37] [38] .
In conclusion, the static dipole polarizability and the leading order van Der Waals coefficient C 6 have been evaluated for metastable states ofp 3 He + andp 4 He + atoms for a wide range of metastable states of practical interest. These data may be used for estimating the collisional shift and broadening of the transition frequencies of the antiprotonic helium at low temperature.
